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Abstract: The volume of the region inside the bulk Ryu-Takayanagi surface is a codimension-one object,
and a natural generalization of holographic complexity to the case of subregions in the boundary QFT. We
focus on time-independent geometries, and study the properties of this volume in various circumstances.
We derive a formula for computing the volume for a strip entangling surface and a general asymptotically
AdS bulk geometry. For an AdS black hole geometry, the volume exhibits non-monotonic behaviour as
a function of the size of the entangling region (unlike the behaviour of the entanglement entropy in this
setup, which is monotonic). For setups in which the holographic entanglement entropy exhibits transitions
in the bulk, such as global AdS black hole, geometries dual to confining theories and disjoint entangling
surfaces, the corresponding volume exhibits a discontinuous finite jump at the transition point (and so
do the volumes of the corresponding entanglement wedges). We compute this volume discontinuity in
several examples. Lastly, we compute the codim-zero volume and the bulk action of the entanglement
wedge for the case of a sphere entangling surface and pure AdS geometry.
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1. Introduction
Quantum physics differs from classical physics in two important aspects: entanglement and complexity.
The entanglement entropy (EE) (e.g [1–18]) is a measure of the quantum correlations of a quantum state,
and is extremely useful in many quantum systems, ranging from condensed matter physics to black hole
physics. The AdS/CFT correspondence [19–22] gives a simple geometrical way to compute entanglement
entropy in holographic QFTs, using the Ryu-Takayanagi (RT) formula [9, 10] (and its covariant HRT
generalization [23]):
S =
Area(γA)
4GN
(1.1)
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where γA is the bulk extremal surface, and GN is Newton’s constant.
However the entanglement (Renyi) entropies are not the whole story, and a quantum state contains
a large amount of information which is not contained in them. Quantum complexity is a quantum
information quantity which has to do with the difficulty converting one quantum state to another quantum
state. In the following we briefly review the concept of quantum complexity, and its proposed holographic
conjectures as given in [24–31].
Consider K qubits in an arbitrary quantum state:
|ψ〉 =
∑
j1,...jK
cj1,...jK |j1, . . . jK〉 (1.2)
where the cj1,...jK are complex numbers, and each ji is either 0 or 1. It takes a huge amount of information,
namely 2K complex numbers, to specify the state of K qubits. To define quantum complexity, one starts
by considering some simple reference state |0 . . . 0〉, which is a product state. One then chooses a universal
gate set of 2-qubit unitary operations. Every state in the Hilbert can be approached (arbitrarily close) by
applying a sequence of these 2-qubit operations. The quantum complexity of a state |ψ〉 is then defined
as the minimal number of 2-qubit gates required to prepare the state |ψ〉 from the reference state |0 . . . 0〉.
When K is large, nearly all states |ψ〉 have a maximal complexity which is exponential in K:
Cmax ∼ eK (1.3)
On the other hand, the maximal entropy is K log 2 and thus the maximal complexity is exponentially
larger then the maximal entropy. For a system which undergoes thermalization, the quantum complexity
grows linearly in t for a very long time which is much larger than the thermalization time. After an
exponentially large time t ∼ eK , the complexity saturates at a constant value Cmax. There can be
fluctuations around the mean value Cmax, and the time at which the system can fluctuate back to the
reference state is doubly exponential: trec ∼ eeK . It was also argued that the rate of change of complexity
is proportional to the entropy and the temperature of the system: dCdt = TS.
Consider now the double sided AdS black hole geometry [32] which is dual to a specific entangled
state, namely the thermo-field double state, see Fig 1. The left and right CFTs can be viewed as being
connected through the black hole interior by a wormhole (e.g by drawing a space-like slice between the
two sides)1. The wormhole is a dynamical object which grows linearly in time at late times. In this
classical bulk geometry the wormhole continues to grow forever. On the other hand, thermal equilibrium
is achieved much quicker, and the entanglement entropies saturate [34–37].
In [24–31] there were two important conjectures made about how to compute complexity in holog-
raphy2. The proposals relate quantum complexity to the size of the wormhole. The linear growth of
complexity in a thermalizing system is then holographically dual to the linear growth of the wormhole in
an AdS black hole geometry. More precisely, the first conjecture states that the complexity is given by
1The relation between the entanglement (EPR) of causally disconnected systems and the wormhole (Einstein-Rosen
bridge) in the dual bulk theory was conjectured by [33] to hold more generally and is now known as ER=EPR.
2For additional recent work on complexity, see [38–44].
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 t=0
Figure 1: Left: Illustration of the double sided AdS black hole Penrose diagram dual to the thermofield double
state. The left and right boundaries are where CFTL and CFTR live. The singularity is shown in dashed red.
A few maximal codim-one surfaces are shown, including the one at t → ∞ in green (which does not reach the
singularity.). Right: Illustration of embedding diagram of a wormhole.
the volume3 of the codim-one maximal bulk surface that ends on the boundary at a time t:
C = V
G`
(1.4)
where ` is some length scale (typically the AdS radius or the BH radius) which needs to be chosen for
each case at hand. This is somewhat unsatisfactory, and led [25, 26] to suggest a refined version where
the dual of complexity equals the action evaluated in a specific bulk region, as we review below.
For AdS black holes the collection of all maximal slices foliate the entire space-time outside of the
horizon, but not the entire interior of the black hole. At t→∞ the final slice is achieved, and it does not
reach the singularity. However, the volume grows linearly in t (for late times) as expected from quantum
complexity. Additionally, the volume passes a few tests such as having the correct behavior in shock wave
geometries.
The second conjecture [25, 26] states that the complexity is given by the bulk action evaluated on
the Wheeler-deWitt patch attached at some boundary time t4:
C = A
pi~
(1.5)
The action proposal is more satisfactory than the volume proposal in the sense that one does not need
to choose by hand a length scale `. The calculation of the action on the WDW patch has a few challenging
features: surface terms arising from the null boundaries of the WDW patch, corner terms where the null
boundaries meet, and a surface term from the singularity of the black hole5, see [25,26,43,44].
In [25,26] it was shown that for AdS black holes the rate of change of the WDW action at late times
is:
dA
dt
= 2M (1.6)
3The volumes of the interior of black holes in flat space were studied in [45,46].
4The WDW patch is the union of all spatial curves anchored at a time t on the boundary.
5Some of these issues can be ignored when calculating the time derivative of the WDW action.
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This result led to the very interesting conjecture [25,26,47] that black holes saturate the inequality:
dC
dt
≤ 2E
pi~
(1.7)
and as a result, black holes are the fastest computers in nature.
The recent progress in holographic complexity, and especially the complexity equals volume conjec-
ture, serves us as motivation to study bulk codim-one surfaces and their volumes. Volumes of codim-one
surfaces can be defined also for subregions on the boundary, and can be seen as a natural subregion
generalization of holographic complexity. In [48] the codim-one volume contained inside the codim-two
Ryu-Takyanagi surface was considered as the dual of complexity for subregions6. In our work we further
study codim-one volumes for subregions, and uncover some interesting properties which they possess.
We will also be agnostic about the length scale ` and assume that one can be chosen appropriately. The
volume is also closely related to the volume of the entanglement wedge of the subregion, which is believed
to be the region in the bulk corresponding to the reduced density matrix of the subregion [55]. The
entanglement wedge is the domain of dependence of the “subregion volume”.
The contents of this paper are as follows. In section 2 we consider the codim-one volume inside
the Ryu-Takayanagi surface as a natural dual to “sub-region complexity”. We proceed to compute this
volume for time-independent geometries, and we write a general formula for the case of a strip entangling
surface. We compute the volume in a few examples, and plot the temperature dependence of the volume
for an AdS black hole geometry which exhibits non-monotonic behavior. In section 3 we show that the
volume has a discontinuous jump in geometries in which there is a transition between 2 bulk minimal
surfaces. We compute this jump in several examples. In section 4 we summarize our results, and discuss
future directions. In Appendix A we present the computation of the leading temperature correction for
an AdS black hole geometry and sphere entangling surface. In Appendix B we calculate the volume and
action of the entanglement wedge for the case of a sphere entangling surface and pure AdS.
2. Bulk Subregion Volumes
Consider a holographic QFT in d space-time dimensions and an entangling surface of typical length R.
Now consider the codim-one volume contained inside the corresponding Ryu-Takayanagi surface. The
divergence structure of this volume was shown to be7 (see [44,48]):
V = cd−1
Rd−1
δd−1
+ cd−3
Rd−3
δd−3
+ . . .+
{
c1
R
δ + (−1)
d−1
2 c0 , d = even
c2
R2
δ2
+ (−1) d−22 c˜0 log(Rδ ) , d = odd
}
(2.1)
where δ is the UV cutoff. The leading divergence scales like the volume of the entangling region, and
there are subleading divergences. The expansion above contains universal terms, meaning in odd d there
is a universal logarithmic divergence, and in even d there is universal finite term (i.e opposite to the EE
case).
In [44] we define a covariant generalization of the volume inside a Ryu-Takayanagi surface, which is
applicable also to time-dependent geometries. The prescription is the following:
6For additional related work , see [49–54]
7We set LAdS = GN = ` = 1 such that V is dimensionless.
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• For a given time t on the boundary and an entangling region A, find the codim-two HRT surface [23].
Then find the codim-one maximal volume attached to the HRT surface and the entangling region
A. This gives a covariant construction of the volume associated with a subregion on the boundary.
Similar to the case of entanglement entropy [13, 14], in [44] this divergence structure is written in
terms of the curvatures of the boundary CFT.
2.1 Strip Entangling surface
x
z
y
Figure 2: A strip entangling region with width l and length L → ∞ on the boundary, and its corresponding
minimal surface in the bulk. The boundary is at z → 0.
In this section we study the volume prescription written above for the case of a strip entangling
surface of length l and width L→∞, in a time-independent background geometry8, see Fig. 2. Namely
we compute the volume inside the Ryu-Takyanagi surface. The case of a sphere in pure AdS was studied
in [48]. Since the strip entangling surface has zero curvature, there will only be a single divergence
(“volume law”) plus a finite term:
V = cd−1
lLd−2
δd−1
+ cfinite (2.2)
Now consider a general asymptotically AdSd+1 metric:
ds2 =
1
z2
[
f0(z)dt
2 + f1(z)dx
2
µ + f2(z)dz
2
]
(2.3)
where f0(z), f1(z), and f2(z) are some arbitrary functions of z, which at the boundary are fi(z = 0) = 1.
The holographic entanglement entropy (area of the minimal surface) of a strip of length l is:
S(z∗) =
2Ld−2
4GN
∫ l/2
0
dx
f
d−2
2
1
zd−1
√
f1(z) + f2(z)(∂xz)2 =
2Ld−2
4GN
∫ z∗
δ
dz
zd−1
√
f2f
d−2
1√
1− f
d−1
1 (z∗)z2d−2
fd−11 (z)z
2d−2∗
(2.4)
where z∗ is the deepest point of the minimal surface in the bulk. In the second equation the corre-
sponding equation of motion was used. The equation of motion is:
8The translational symmetry of the strip considerably simplifies this problem.
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∂xz = ∓
√
f1
f2
√
fd−11 (z)z
2d−2∗
fd−11 (z∗)z2d−2
− 1 ⇒ x1(z) =
∫ z∗
z
dZ
√
f2(Z)
f1(Z)√
fd−11 (Z)z
2d−2∗
fd−11 (z∗)Z2d−2
− 1
(2.5)
Note that the solution for x1(z) is computed as a one-dimensional integral.
Since the background is static, the volume inside the minimal surface is obtained simply by integrating
the inside of the minimal surface. We do this integral by slicing the bulk with planes of constant z, with
the result:
V (z∗) =
∫
dx
∫
dd−2y
√
g˜ = 2Ld−2
∫ z∗
δ
dz
√
fd−11 f2
zd
∫ x1(z)
0
dx = 2Ld−2
∫ z∗
δ
dz
√
fd−11 f2
zd
x1(z) (2.6)
where
√
g˜ is the volume element, and x1(z) is the profile of the minimal surface given in Eq. 2.5. Plugging
Eq. 2.5 into Eq. 2.6 gives:
V (z∗) = 2Ld−2
∫ z∗
δ
dz
√
fd−11 (z)f2(z)
zd
∫ z∗
z
dZ
√
f2(Z)
f1(Z)√
fd−11 (Z)Z
2d−2∗
fd−11 (Z∗)Z2d−2
− 1
(2.7)
This is our formula for the volume as a function of z∗ for any asymptotically AdS geometry (any f1,2,3(z)).
This formula is only slightly more complicated than the corresponding formula for the entanglement
entropy of the strip Eq. 2.4, since there are two integrals that one needs to perform instead of one.
From Eq. 2.5 we have:
l(z∗) = 2
∫ z∗
δ
dz
√
f2(z)
f1(z)√
fd−11 (z)z
2d−2∗
fd−11 (z∗)z2d−2
− 1
(2.8)
So in Eqs. 2.7 and 2.8 we have formulas for V (z∗) and l(z∗), and we can plot V as a function of l for any
background. In the following we will compute the volume in several examples using these formulas.
Note that there is another solution to the equation of motion for which x1(z) =
l
2 , meaning a constant
solution for which the surface does not cap off smoothly at some point z∗ in the bulk. Although this is
not the minimal surface for most cases9, it will be interesting to consider its behavior compared to the
minimal surface. The volume of this surface is given by:
Vc(l) = lL
d−2
∫ ∞
δ
dz
√
fd−11 f2
zd
(2.9)
9As we will review below, for confining theories the constant solution can be the minimal surface.
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2.1.1 Pure AdS
For a pure AdSd+1 background fi(z) = 1, the EE is given by:
S(l) =
1
2(d− 2)
(
L
δ
)d−2
− 2
d−3pi
d−1
2
d− 2
Γ
(
d
2d−2
)
Γ
(
1
d−2
)
d−1(L
l
)d−2
(2.10)
Similarly, the volume is:
V (l) =
1
d− 1
Ld−2l
δd−1
− 2
d−2pi
d−1
2 Γd−3( d2d−2)
(d− 1)2Γd−3( 12d−2)
Ld−2
ld−2
≡ c1
δd−1
− c0
ld−2
(2.11)
Note that the finite term has the same l dependence as the finite part of the entanglement entropy.
Similarly, the volume of the constant solution Eq, 2.9 is given by:
Vc(l) =
1
d− 1
Ld−2l
δd−1
(2.12)
we get that for this solution there is no finite, universal, term.
2.1.2 Dp-branes
Consider a Dp-brane background with metric [56]:
ds2 = α′
(
U
(7−p)
2
cp
(−dt2 + dx21 + ·+ dx2p)+ cp
U
(7−p)
2
dU2 + cpU
(p−3)
2 dΩ28−p
)
(2.13)
eφ = (2pi)2−pg2YM
(
c2p
U7−p
) 3−p
4
where cp = gYMN
1
2
√
27−2ppi
9−3p
2 Γ
(
7−p
2
)
For non-conformal theories, in which the dilaton and the volume of the internal coordinates are in
general not constant, we use the natural generalization from quantum gravity for the codim-2 surface:
SA =
1
4G
(10)
N
∫
d8σe−2φ
√
G
(8)
ind (2.14)
Similarly, since we expect the general relation between complexity and the codim-1 surface V ∼ 1
G
(d+2)
N `
,
the generalization will be:
V ∼ 1
`G
(10)
N
∫
d9σe−2φ
√
G
(9)
ind (2.15)
Plugging in the equation for the dilaton and the metric we get that for the minimal surface10:
dU
dx
= U
7−p
2
√
U9−p
U9−p∗
− 1 (2.16)
10To avoid clutter we set cp = 1.
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where U∗ is the turning point of the surface, and we assume that we can trust the supergravity solution
at least up to this region.
Following the same procedure as for the conformal case we can extract the dependence of the finite
term on the length of the strip. The corresponding volume inside the minimal surface is:
Vfinite ∼ −f (p, gYM, N)
l
p+5
2(5−p)
(2.17)
where f (p, gYM, N) is some function which depends on the dimensions of the Dp brane, the coupling
constant and the central charge. Like for AdS, the finite term is an inverse power law −l
−(p+5)
2(5−p) . However
for the Dp brane case the power in the volume finite term is different from the power in the entanglement
entropy, which has the form Sfinite ∼ −l−
4
5−p .
2.1.3 The leading temperature correction to the volume
In this section we calculate the 1st order temperature correction to the volume in an AdS black hole
geometry. Consider again the metric:
ds2 =
1
z2
[
f0(z)dt
2 + f1(z)dx
2
µ + f2(z)dz
2
]
(2.18)
The form of the temperature perturbation is f2(z) =
1
f0(z)
= 1
1−k0T dzd ≈ 1 + k0T dzd, where k0 is a
constant, and T is the temperature. The finite term of the volume will have an expansion of the form11:
Vfinite =
(L
l
)d−2[
a1 + a2(T l)
d + a3(T l)
2d + . . .
]
(2.19)
and we want to find the first correction a2. We use Eqs. 2.7 and 2.8, and after a few manipulations we
get an integral expression for the volume:
∆V ≡ V − VCFT = c0T dl2(2g0)−3
[
− g1g0 + (2.20)∫ ∞
1
dUUd−1
(
−dg1g0 + (d− 1)g1g0(U) + g0U−d−1g0(U) + g0g1(U)
)]
where we subtracted the volume in the vacuum state: VCFT = V (T = 0). We also defined the
integrals:
g0(U) ≡
∫ U
1
dt
t2
√
t2d − 1 , g1(U) ≡
∫ U
1
dtt−d−3√
t2d − 1 (2.21)
and
g0 ≡ g0(U →∞) , g1 ≡ g1(U →∞) (2.22)
11For temperature expansions for the holographic entanglement entropy see [57].
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We plot the leading correction ∆V from Eq. 2.20 as a function of the dimension d in Fig. 3-Left.
We see from the plot that the 1st order correction is negative for any d. This is different from the
case of sphere (see appendix A and [48]), where the 1st order correction vanishes but the 2nd order is
positive [48]. For d = 2 the correction vanishes as expected since the interval is like a one dimensional
sphere.
Now consider a more general perturbation of the form f2(z) = 1 + Mz
q. We again go through a
similar calculation, and we show the results in Fig. 3-Right for several values of q. We see that the first
order ∆V is negative for all d and q. We also see that for d = 2 the leading correction is non zero when
q 6= 2. This implies that the vanishing leading correction for the sphere (obtained in [48] and shown
in section A) applies only to temperature perturbations, and for a general perturbation the 1st order
correction will not vanish.
4 6 8 10
d
-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
DV
2.5 3.0 3.5 4.0 4.5 5.0
d
-1.4
-1.2
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
DV
Figure 3: Left: Plot of ∆V ≡ V − VCFT as a function of d for a temperature perturbation. Right: Plot of
V −VCFT as a function of d for perturbations of the form f2(z) = 1 +mzq. Curves from top to bottom correspond
to: q = d, q = d+ 1, q = d+ 2, and q = d+ 3.
2.1.4 The volume at finite temperature
In the previous section we computed the 1st order temperature correction to the volume in various
dimensions. In the high temperature regime we expect an expansion of the form12:
Vfinite = a0L
d−2lT d−1[1 +O(1/(T l))] (2.23)
which is linear in l at very high T . We now focus on the AdS4 and AdS5 planar black hole geometries
and a strip entangling surface. We compute numerically the dependence of the volume on the strip’s
length at a finite constant temperature. Fig. 4 shows the result of ∆V ≡ V − VCFT as a function of the
dimensionless parameter l when T is held fixed.
The plot starts at the origin at l = 0 and ∆V = 0, and we see the expected linear growth behavior
at large l. Curiously the plot is non-monotonic and has a minimum. Compare this plot to the monotonic
behavior of the entanglement entropy, shown in Fig. 5 for the AdS5 black hole and a strip entangling
surface. It would be interesting to understand the meaning of the minimum in the volume. It would also
be interesting to understand if for general shaped entangling surfaces the volume likewise has a minimum.
12For a general shaped entangling surface the high temperature expansion will go like V ∼ a0vT d−1, where v is the volume
of the entangling region. This is similar to the EE at high temperature.
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It is also easy to see that for the constant solution Eq. 2.9, we have:
∆Vc ∼ a0Ld−2lT d−1 (2.24)
which is monotonic and linear in l.
Figure 4: Plots of ∆V ≡ V − VCFT as a function of l (we change l and leave T fixed). At l = 0 we have ∆V = 0.
Left: The AdS5 black hole. Right: The AdS4 black hole.
0.0 0.2 0.4 0.6 0.8l
0.05
0.10
0.15
0.20
0.25
0.30
S∆
Figure 5: The entanglement entropy entropy ∆S = S − SCFT as a function of l (we change l and leave T fixed)
for an AdS5 black hole and a strip entangling surface. ∆S starts at the origin, and has linear behavior at large lT .
2.1.5 m-strips in an AdS black hole geometry with large temperature
For an AdS black hole geometry at very large temperature and a strip entangling surface, the volume
is linear in l, as we saw in the previous subsection. Now consider m strips in an AdS planar black hole
background, e.g [58]. The length of the strips is denoted by l, and the distance between them x. Now take
the separation between the strips to be very large: xT >> 1. The bulk minimal surface will correspond to
m disconnected bulk surfaces. Nevertheless, in this section we compute the volume inside the connected
surface. Although it is not the minimal surface it has an interesting property. The volume of this surface
is easily computed:
Vconnected = C0(ml + (m− 1)x)− C0(m− 1)x = C0ml (2.25)
– 10 –
where C0 is a constant. We see that if we take the length of the strips l to be constant and we
separate the strips a large distance x apart, then the volume inside the connected bulk minimal surface
goes to a constant C0ml. If we take the “mutual volume” by subtracting mV1−strip, we simply get zero.
Compare this with the area (entanglement entropy) of such a connected surface:
Sconnected ∼ 2C1((m− 1)x+ml) , xT >> 1 (2.26)
and this quantity grows linearly with x. So the volume of the connected surface goes to a constant
independent of x, even though its area depends linearly on x.
3. Volume Transitions and Discontinuities
There are various cases in which the holographic entanglement entropy exhibits “phase transitions”,
as one changes some parameter of the system. This occurs when two bulk minimal surfaces exchange
dominance, and is reminiscent of 1st order phase transitions. The entanglement entropy is continuous
across the transition, but there is a jump in the derivative of EE. Such transitions occur for example in
disjoint entangling surfaces, global AdS black hole geometries, and confining geometries.
In this section we compute the behavior of the volume inside the minimal surface, when there are
bulk transitions. In all of the examples that we consider, the volume has a discontinuous jump at the
transition point. Note that these transitions imply that the volume of the entanglement wedge jumps
discontinuously. In the following we will compute a few examples where such transitions occur.
3.1 Two strips in AdSd+1
x
Changing x
l l l lx
Figure 6: Changing the separation x between the two strips while keeping the length l fixed (or vice a versa), there
is a transition between minimal surfaces marked in red. We also marked in gray the volume inside the minimal
surfaces.
When calculating the entanglement entropy of a subregion composed of two disjoint regions, there is
a transition between a connected and a disconnected surface. More precisely, as the distance between the
subregions is varied, a transition occurs when the areas of the bulk minimal surfaces exchange dominance,
see Fig 6.
The EE of two parallel strips can now be easily calculated. The disconnected surface is simply the
addition of two strips of length l, and the connected surface is composed of two strips of length x and
2l + x, see Fig 6.
– 11 –
0.5 1.0 1.5 2.0 2.5
x
l
-3
-2
-1
1
2
DS
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DV
Figure 7: 2 strips of constant length l for an AdS5 geometry. Left: ∆S = Scon − Sdisconn as a function of the
separation distance x (in units of l) for a fixed strip length l. The red constant line is the disconnected surface
area. When ∆S = 0, the EE has a transition, and this occurs at xl ≈ 0.71. Right: Plot of ∆V = Vcon−Vdisconn as
a function of the separation distance x (in units of l) for a fixed strip length l. From the right plot it is clear that
at the transition (marked by the red line) ∆V > 0, hence there will be a jump in the volume. After the transition
to the disconnected surface, the area and volume do not depend on x.
When calculating the difference of the volume between two types of surfaces in Fig 6, the divergent
terms cancel. So for clarity we write just the finite terms. The volume of the connected surface is obtained
by subtracting the volume of a strip of length x from the volume for a strip of length (2l + x):
Vcon = − c0
(x+ 2l)d−1
+
c0
xd−1
(3.1)
where c0 can be read from Eq. 2.11. The volume of the disconnected surface is simply the volume of two
strips with length l:
Vdiscon = − 2c0
ld−1
(3.2)
Subtracting the two volumes, we get:
∆V = Vcon − Vdiscon = c0
[
− 1
(2l + x)d−2
+
1
xd−2
+
2
ld−2
]
> 0 (3.3)
Note that this is always positive. Positivity can also be seen from the fact that the disconnected surface
is contained inside the connected surface. In Fig. 7 we plot ∆S and ∆V as a function of xl , with fixed l
for AdS5 geometry. The right plot shows the finite jump of the volume at the transition.
At the transition point the connected and disconnected surfaces have equal area:
Scon − Sdiscon
∣∣∣
transition
∝ − 1
(2l + x)d−2
− 1
xd−2
+
2
ld−2
= 0 (3.4)
Plugging this in eq. 3.3 gives:
∆V
∣∣∣
transition
= Vcon − Vdiscon
∣∣∣
transition
=
2c0
xd−2
> 0 (3.5)
– 12 –
Therefore at the transition point there is a finite jump in the volume.
Repeating the analysis for m strips gives:
∆V
∣∣∣
transition
= (m− 1) 2c0
xd−2
(3.6)
We can also do the same analysis for a Dp-brane geometry with m-strips (instead of AdS). This gives
(see Eq. 2.17):
∆V
∣∣∣
transition
= (m− 1) 2c0
x
p+5
2(5−p)
(3.7)
3.2 Two strips in Global AdS3
-1.0 - 0.5 0.5 1.0
0.5
1.0
- 0.5
- 1.0
-1.0 - 0.5 0.5 1.0
0.5
1.0
- 0.5
- 1.0
Figure 8: Two strips in global AdS3 at the transition point. The boundary entangling region A is marked in
green, the minimal surface in blue and the volume inside the bulk surface in gray. The Left and Right plots show
the connected and disconnected minimal surfaces respectively. The difference in volumes between the right and
left plots is: Vconn − Vdisconn = 2pi. Note that the disconnected surface is contained inside the connected surface.
As another example, consider global AdS3 (d = 2) and a strip entangling region with an opening
angle at the boundary θ∞. The metric is given by:
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dθ2, f(r) =
r2
L2AdS
+ 1 (3.8)
Setting LAdS = 1 and solving the EOM the geodesic is given by:
r0 (θ) =
(
sin2 (θ∞)− sin2 (θ)
cos2 (θ∞)
)− 1
2
(3.9)
The volume is:
V (θ∞) = 2
∫ θ∞
0
dθ
∫ r∞
r0(θ)
dr
r
(1 + r2)
1
2
= 2θ∞r∞ − pi (3.10)
where r∞ = r(θ∞) is the UV cutoff. The finite term is a constant equal to −pi.
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Now consider 2 strips of opening angle θ∞ each. The “disconnected” and a “connected” minimal
surfaces are shown in Fig. 8 at their transition point. Their volumes are:
Vdisconn(θ∞) = 4θ∞r∞ − 2pi , Vconn(θ∞) = 4θ∞r∞ (3.11)
Therefore the difference of the volumes is a constant:
∆V = Vconn − Vdisconn = 2pi (3.12)
and the jump in the volume at the transition point is thus:
∆V
∣∣∣
transition
= 2pi (3.13)
3.3 Strip in a Confining theory dual to AdS5 × S5 compactified on a circle
 Changing l
ll
Figure 9: The transition between connected and disconnected minimal surface for a confining background. In
red we mark the codim-two minimal surface, in blue the boundary subregion A, and in gray the volume inside the
minimal surface.
0.1 0.2 0.3 0.4 0.5 0.6 0.7 ℓ
- 0.6
- 0.4
- 0.2
∆ S EE
0.3 0.4 0.5 0.6 ℓ
- 2.5
- 2.0
- 1.5
- 1.0
- 0.5
∆V
Figure 10: AdS5 compactified on a circle. Left: ∆SEE = Sconn − Sdisconn as a function of l (we plot here
only the physical branch). The blue and red curves are the areas of the “connected” and “disconnected” surfaces
respectively. The transition occurs at the point where the curves meet. Right: Plot of ∆V = Vconn − Vdisconn as
a function of l. The transition point can be read from the left plot. The transition point is marked by the dashed
red line, and it can be seen that there is a jump with ∆V < 0 at the transition point.
Another well known example of a holographic entanglement entropy transition occurs for bulk ge-
ometries which are dual to confining theories [59]. These transitions were first studied in [17, 18] (see
– 14 –
also [58, 60]), and were interpreted as a probe of the confinement-deconfinement transition. The bulk
minimal surface jumps from a “connected” to a “disconnected” surface as the the size of the region A is
changed, see Fig. 9. The entanglement entropy is continuous at the transition, but its derivative is not,
as is seen in Fig. 10-Left.
The volume inside the minimal surface has a discontinuous jump at the transition point, as we will
now show. We study the case of AdS5 compactified on a spatial circle, with a strip entangling surface.
However, we expect a discontinuity to occur generically in any holographic confining theory and any
shaped entangling region. Similar to the case of entanglement entropy transitions, we believe that this
first order phase transition of the volume is a large N effect, which will be smoothed out after computing
1
N corrections [61].
Consider the metric of AdS5 compactified on a circle in Poincare´ coordinates:
ds2 =
(
LAdS
z
)2  dz2
1−
(
z
z0
)4 + dxµdxµ
+ (LAdS
z
)2(
1−
(
z
z0
)4)(
dx3
)2
(3.14)
where LAdS is the radius of AdS, and z0 is the point where the contractible cycle shrinks to zero. In
this geometry we consider a strip of length l. In Fig. 10 we plot the area difference ∆SEE and volume
difference ∆V . From the left plot we see that the transition occurs at l ≈ 0.62, and from the right plot
it can be seen that there is a jump in the volume with ∆V < 0 at the transition point. Note that the
volume will keep changing (growing linearly with the size l of the region A) after the transition to the
disconnected surface, unlike the area.
3.4 Global AdS black holes
In this section we consider the global AdS black hole, and a cap entangling surface. We follow the notation
of [62], which considered these “Entanglement plateaux” transitions for the entanglement entropy. The
minimal surface is constrained to satisfy the homology constraint. Additionally, there is a bulk region in
which the minimal surface never enters, see Fig. 11. As a result there will be a discontinuous volume
jump at the transition point, which we now will compute.
Consider the metric for a black hole in global AdS:
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2
(
dθ2 + sin2 θdΩ2d−2
)
, f(r) = r2 + 1− r
d−2
+
(
r2+ + 1
)
rd−2
(3.15)
where r+ is the size of the black hole horizon, and we set LAdS = 1. The relation between the temperature
and the size of the horizon is given by r+ =
2pi
d [RT +
√
(RT )2 − d(d−2)
4pi2
] where R is the radius of the
boundary sphere.
3.4.1 Example: BTZ Black hole
For the BTZ black hole (d = 2) we have an analytic solution for the geodesic (see [62]):
r (θ) = r+
(
1− cosh
2 (r+θ)
cosh2 (r+θ∞)
)− 1
2
(3.16)
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where θ∞ is the strip opening angle on the boundary. The minimal surfaces are depicted in Fig. 11 at
the transition point13. The volume for the strip is identical to that of pure AdS, Eq. 3.10:
V (θ∞) = 2θ∞r∞ − pi (3.17)
Note that this result is independent of the temperature of the black hole. Then the difference between
the volumes of the connected and disconnected volumes
∆V = Vconn − Vdisconn = −2pi (3.18)
- 0.5 0.5 1.0
0.5
1.0
- 0.5
- 1.0
- 1.0 - 0.5 0.5 1.0
0.5
1.0
- 0.5
- 1.0
- 1.0
Figure 11: We plot the two types of minimal surfaces for the AdS5 black hole with horizon size r+ = 1, and a cap
entangling region. The surfaces are shown exactly at the transition point (when their areas are equal). In red we
mark the boundary, blue is the minimal surface, green is the boundary entangling region, and gray is the volume
inside the minimal surface. Left: The connected minimal surface. Right: The disconnected minimal surface. The
homology constraint implies that the horizon is part of the minimal surface.
0.88 0.89 0.90 0.91 0.92 α
-0.12
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0.88 0.89 0.90 0.91 0.92
α
-0.3
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ΔV
Figure 12: Left: Plot of ∆SEE = Sconn − Sdiscon as a function of α for the case of an AdS5 black hole with
horizon size r+ = 1. The transition occurs at α ≈ 0.915. Right: Plot of ∆V = Vconn − Vdisconn as a function of α.
The transition point is marked by the red dashed line, and we see that ∆V
∣∣
trans.
≈ −0.18 in our units.
13In the figure the horizon size is taken as r+ = 1.
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3.4.2 Example: Global AdS5 Black hole
We numerically calculate the minimal surfaces and the volume inside them (see [62] for more details on
the numerical calculation). Fig. 12-Left shows the EE difference ∆SEE = Sconn − Sdisconn as a function
of α, where α ≡ vol(A)
vol(Sd−1) (the size of the entangling surface which is a cap centered at the θ = 0 with
radius θ∞). One can see a transition at α ≈ 0.915 when ∆SEE = 0. Fig. 12-Right shows the volume
difference ∆V = Vconn − Vdisconn as a function of α. One can see that the volume of the disconnected
surface is always larger than the connected as expected. In particular, at the transition point (α ≈ 0.915)
the volume jumps discontinuously: ∆V
∣∣
transition
≈ −0.18 < 0 in our units..
4. Discussion
In this paper we studied the codim-one volume inside the Ryu-Takayanagi surface, first considered in [48].
We performed explicit computations for various examples in time-independent geometries. We found
that for an AdS black hole, the volume is a non-monotonic function of the strip’s length at a fixed
finite temperature, even though the EE is monotonic. We also showed that the volume exhibits a
discontinuous jump in geometries for which two bulk minimal surfaces exchange dominance. It will be
important to understand better the QFT quantity dual to the subregion volume, and the significance
of its universal terms in order to compare to the bulk results. It will be also interesting to understand
the dual interpretation of the discontinuous jump in the volume assuming that this is indeed the dual of
quantum complexity of a subregion. As we mentioned before these jumps imply that the volume of the
entanglement wedge exhibits a discontinuous jumps under small changes of the reduced density matrix.
It would be interesting to compute the subregion volume for time dependent backgrounds (e.g
quenches). The time dependence was very important in the study of holographic complexity of Susskind
et al. for the case in which the region A is the whole boundary, and the bulk geometry is a double sided
black hole. In that case, the linear late time behavior matches the expectation from complexity.
It would also be interesting to understand 1N corrections to the subregion volume. For the en-
tanglement entropy this is given by the bulk EE, where the entangling region is precisely the volume
inside the RT surface [61]. It would be interesting to understand if there is a relation to bulk relative
entropy [16, 63, 64]. Another direction would be to understand the behavior of the volume for higher
derivative gravity in the bulk.
The suggestion of [65] is a reformulation of the Ryu-Takayanagi formula in terms of bit threads,
which loosely speaking probe the volume inside the RT surface. It would be interesting to understand
our results in terms of the bit thread formulation.
In [50] it was shown that the quantum fisher information metric (the 2nd correction of the relative
entropy) for a sphere and a CFT is dual to the canonical energy integrated inside the RT surface.
Instead, one can alternatively integrate other bulk fields inside the volume, and try to understand the
dual information theoretic quantities.
One can study further properties of the subregion volume by performing relevant perturbations or
shape perturbations. From the analysis of [66], it can be immediately shown that the volume correspond-
ing to entangling surfaces with a rotational or translational symmetry is an extremum with respect to
shape perturbations of the entangling surface.
– 17 –
For some entangling surfaces Σ, when there are no transitions between bulk extremal surfaces, the
volume inside the RT surface can be foliated with bulk extremal surfaces attached to concentric entan-
gling surfaces with different scales. Perhaps this result can relate the subregion volume (complexity) to
an integral over entanglement entropies.
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A. Leading temperature Correction for a Sphere
We will show that the 1st order temperature correction to the volume vanishes for a sphere entangling
surface of radius l (we thus verify the calculation of [48]). Consider again the general asymptotically AdS
metric:
ds2 =
1
z2
[
f0(z)dt
2 + f1(z)dx
2
µ + f2(z)dz
2
]
(A.1)
Where for a black hole geometry at small temperature, f1(z) = 1 and f2(z) =
1
1−k0T dzd ≈ 1 + k0T dzd.
The area of a bulk surface is:
Area =
∫ z∗
δ
dz
r(z)d−2
√
f2(z) + r′2
zd−1
(A.2)
where r is a radial coordinate. The equation of motion is:
(d− 2)r
d−3
zd−1
√
f2(z) + r′2 − d
dz
( rd−2r′
zd−1
√
f2(z) + r′2
)
= 0 (A.3)
To 1st order in T d, the solution is:
r(z) =
√
z2∗ − z2 + k0T d
2zd+2∗ − zd(z2∗ + z2)
2(d+ 1)
√
z2∗ − z2
(A.4)
The volume inside the bulk minimal surface is:
V =
∫ z∗
δ
dz
√
f2(z)r
d−1(z)
zd
(A.5)
Plugging r(z) from Eq. A.4 gives:
V (l) ∝
∫ l− k0Tdld+1
(d+1)
δ
dz
(l2 − z2)(d−1)/2
zd
[
1 +
k0T
d
2
zd
][
1− k0T d (d− 1)z
d(l2 + z2)
2(d+ 1)(l2 − z2)
]
(A.6)
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Expanding at linear order in T d, and changing variables to t = z/l gives:
V (l)− VT=0(l) ∝ T
dld
(d+ 1)
∫ 1
0
dt
(1− t2) d−32
td
[
td − dtd+2
]
= 0 (A.7)
and the integral is zero. Therefore we showed that the 1st order temperature correction to the volume
vanishes for a sphere entangling surface.
B. The Volume and Action of the Entanglement wedge
The entanglement wedge [55] is a codim-zero bulk region defined as the bulk domain of dependence14 of
the volume inside the HRT surface. Thus the HRT surface is the rim of the entanglement wedge. It was
was argued in [55] that the entanglement wedge is the region most suitable to be the bulk dual of the
reduced density matrix.
B.1 The volume of the entanglement wedge for a sphere and pure AdS
As a simple example consider Poincare´ AdSd+1 and a sphere entangling surface of radius l:
z2 + r2 = l2 (B.1)
The corresponding entanglement wedge is half of a cone in the bulk in Poincare´ coordinates, and is
shown in Fig. 13 for the case of AdS3. The null boundary surface of the entanglement wedge (for t > 0)
is given by the equation: √
r2 + z2 = l − t (B.2)
where t is the time, r =
√
x2i is a boundary radial coordinate, z is the bulk coordinate, and l is the radius
of the entangling surface sphere. Thus, the volume of the entanglement wedge is simply given by twice
(because there is an equal contribution from t < 0) the volume inside the surface of Eq. B.2:
Vwedge = 2
∫ l
0
dt
∫ l−t
δ
dz
√
g(z)
∫ √(l−t)2−z2
0
drrd−2Ωd−2 (B.3)
where Ωd−2 is the area of a (d− 2)-sphere, and
√
g(z) = z−(d+1). We can easily expand this integral to
derive the leading divergences:
Vwedge =
2Ωd−2
d− 1
∫ l
0
dt
∫ l−t
δ
dz
((l − t)2 − z2) d−12
zd+1
=
2Ωd−2
d− 1
[ 1
d2
ld
δd
− d− 1
2(d− 2)2
ld−2
δd−2
+ . . .
]
(B.4)
Note that the leading divergence goes like 1
δd
, and there are subleading divergences 1
δd−2 + . . . etc.
We can also easily compute the universal finite or log terms.
14The causal domain of dependence D[A] of a region A is defined as the set of all points P for which all causal curves
through P intersect A.
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Figure 13: For AdS3 and an interval A, showing the the entanglement wedge region (the inside of the half-cone).
The region A is the blue interval, and the bulk minimal surface is the gray dashed curve.
B.2 The action in the entanglement wedge
In the previous section we calculated the volume of the entanglement wedge. In this section we consider
a related quantity, the gravitational action computed inside the entanglement wedge. We stick to the
simple example of a sphere entangling surface and Poincare´ AdS.
The gravitational action is composed of a bulk term, a null-boundary term, and a corner term (for
more details see [43,44,67]):
A = Abulk +ANull +Acorner = 116piG
∫
dd+1x
√−g
(
R− d(d−1)
L2AdS
)
(B.5)
+ 18piG
∫
dλ
√−γddxκ+ 18piG
∫
dd−1x
√−g˜a (B.6)
For pure AdS, the bulk term is proportional to the volume that we computed in a previous section:
Abulk =
(
R− d(d− 1)
L2AdS
)
Vwedge (B.7)
where Vwedge was computed in Eq. B.4.
We can choose an affine parameter, and then κ is zero and the null boundary terms vanish, see
[43,44,67]:
ANull = 0 (B.8)
The codim-two corner term of the action arises from the dashed gray curve in Fig. 13. The action
contribution from this corner is (see [43,44]) :
Acorner = log
(√u3u4
L2
δ
)[ ld−2
δd−2
+
ld−4
δd−4
+ . . .
]
+
[ ld−2
δd−2
+
ld−4
δd−4
+ . . .
]
(B.9)
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where u3,4 are the normalization vectors of the null boundaries of the entanglement wedge. Above, there
are only even or odd powers, but not both. Summing the bulk and corner terms, we obtain the action in
the entanglement wedge.
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